Abstract. Reduced matrix elements, oscillator strengths, and transition rates are calculated for 2l 1 2l 2 [LSJ ]-2l 3 3l 4 [L S J ] electric-dipole transitions in beryllium-like ions with nuclear charges Z from 6 to 100. Many-body perturbation theory (MBPT), including the Breit interaction, is used to evaluate retarded dipole matrix elements in length and velocity forms. The calculations start with a 1s 2 Dirac-Fock potential and include all possible n = 2 and n = 3 configurations. We use first-order perturbation theory to obtain intermediate coupling coefficients and second-order MBPT to determine matrix elements. The transition energies used to evaluate transition probabilities are also obtained from second-order MBPT. The importance of negative-energy contributions to the transition amplitudes in maintaining gauge independence is discussed. Our results for 2s3p 1,3 P 1 -2s 2 1 S 0 transitions are compared with available theoretical and experimental data throughout the isoelectronic sequence. Rates for 2l3l [J = 1]-2s 2 1 S 0 , 2l3l [J = 1]-2p 2 1 S 2 , 2l3l [J = 1]-2s2p 1 P 1 , and 2l3l [J = 2]-2s2p 1 P 1 transitions are given graphically for all Z.
Introduction
In this paper, second-order relativistic many-body perturbation theory (MBPT) is used to calculate reduced matrix elements, oscillator strengths, and rates for electric-dipole transitions between n = 3 and n = 2 states in beryllium-like ions with nuclear charges Z = 6-100. These calculations follow the pattern of relativistic MBPT calculations of 2-2 transitions in beryllium-like ions given in [1] . Numerous theoretical and experimental studies of rates of 3-2 transitions along the beryllium isoelectronic sequence have been performed during the past 30 years. On the theoretical side, Z-expansion [2] [3] [4] , model potential [5] [6] [7] [8] , configuration interaction (CI) [9] [10] [11] [12] [13] , multiconfiguration Hartee-Fock (MCHF) [14] [15] [16] [17] , R-matrix [18] [19] [20] , and multiconfiguration Dirac-Fock (MCDF) [21] [22] [23] methods have been used to calculate transition matrix elements.
Compared with the alternatives listed above, calculations based on relativistic MBPT stand out since they are gauge independent order-by-order, provided they start from a local potential, include 'derivative terms' in the second-and higher-orders, and include contributions from negative energies in sums over intermediate states. The present MBPT calculations start from a non-local 1s 2 Dirac-Fock potential and consequently give gauge-dependent transition matrix elements in lowest order. However, the second-order correlation corrections compensate almost exactly for the gauge dependence of the first-order matrix elements and lead to corrected matrix elements that differ by less than 1% in length and velocity forms throughout the Be isoelectronic sequence. It should be noted that this close agreement is obtained only after contributions from negative-energy states (ε < −mc 2 ) are included in the second-order matrix elements. Other theoretical approaches that account for electron-electron correlation, such as the R-matrix method, the MCHF method, or the MCDF method, give transition matrix elements that can (and do) differ substantially in length and velocity forms. In this regard, it should mentioned that even complete relativistic configuration-interaction (CI) calculations, such as those used in [24] to study 2-2 transitions in helium-like ions, lead to differences between length-and velocity-form amplitudes unless negative-energy contributions are included.
Another important feature of MBPT calculations is that all transitions within a given complex of states are treated simultaneously. In this calculation, the model space of unperturbed 2l 1 2l 2 states consists of four odd-parity and six even-parity states; the corresponding 2l 3 3l 4 space consists of 20 odd-parity and 16 even-parity states. First-and second-order electric-dipole matrix elements are calculated between these unperturbed states leading to 116 distinct uncoupled matrix elements. The uncoupled matrix elements differ in length and velocity form. These uncoupled matrix elements are transformed to give the corresponding 116 transition matrix elements between coupled 'physical' states using firstorder intermediate coupling coefficients. The resulting gauge-independent coupled dipole matrix elements are combined with second-order energies from [25] to determine oscillator strengths and transition rates.
The present relativistic MBPT calculations are based on the Coulomb + Breit no-pair Hamiltonian [26] . The static form of the Breit interaction is used here. It was shown that second-order energies for 3-2 transitions evaluated using this Hamiltonian are in excellent agreement with experiment throughout the Be isoelectronic sequence, and that the relative accuracy of the MBPT calculations increases with increasing Z [25] . Since we consider transitions in high-Z ions here, we include retardation fully in the electric-dipole operator. In each successive order of MBPT, contributions to electric-dipole matrix elements decrease in size by a factor of approximately Z. It follows that MBPT calculations are most suitable for high-Z ions. In the present second-order calculation, one expects errors from omitted third-order matrix elements to be larger than 1% for Z < 10.
For allowed transitions, the present calculations are found to be in excellent agreement with values from previous accurate calculations and with recommended values from the National Institute of Standards and Technology (NIST) [27] for all values of Z. We find, however, substantial differences between the present results and recommended values for forbidden transitions in ions with Z < 10, owing to the fact that we truncate the MBPT expansion at second order. We expect that accurate correlated CI, or R-matrix calculations for forbidden transitions will be superior to the present calculations for ions with Z < 10. However, for ions with Z 10, we expect the present calculations for both allowed and forbidden transitions to be accurate to better than 1%, and, consequently, to be more accurate than available alternative calculations.
Method
In this section, we describe our application of MBPT to calculate transition amplitudes. Perhaps the only unusual feature of the present MBPT calculation is the appearance of the 'derivative' term δk (1) dT (1) dk in the second-order matrix element. This term arises because the first-order transition amplitude T (1) (k) depends on the wavenumber k = ω/c of the transition, and k changes order-by-order in a MBPT calculation. Expressions for first-order matrix elements are identical to those used in recent CI calculations [24] for He-like ions. These expressions are repeated in the appendix. The formalism developed in [25, 28] is used to obtain the perturbed wavefunctions needed in the second-order MBPT calculations. In the following section, we outline the second-order contributions to the transition matrix.
Second-order matrix elements
In this section, we discuss the various contributions to second-order transition matrix elements in terms of Bruckner-Goldstone diagrams. These diagrams can be divided into three subclasses: Hartree-Fock (HF) diagrams, random-phase approximation (RPA) diagrams, and correlation (corr) diagrams.
The HF diagrams are shown in figure 1. In MBPT calculations for systems with two valence electrons, a natural starting potential is a V N−2 HF HF potential. For any other starting potential U(r), an additional term of the form
appears in the interaction Hamiltonian. The HF diagrams give the second-order correction arising from one interaction with V and one interaction with the transition operator. The panels labelled HF1 and HF2 in figure 1 give the contributions from the direct and exchange parts of the HF potential and the panel HF3 gives the contribution from the starting potential U(r). Of course if we start our calculation using a HF potential, the three diagrams cancel identically. When including the Breit interaction, care must be taken to include the Breit contributions to V N −2 HF . In the present calculation, we start our calculations using a Coulombonly 1s 2 HF potential. It follows that the Coulomb contributions to the diagrams in figure 1 cancel. However, the Breit contributions from the first two diagrams give non-vanishing contributions.
The RPA diagrams are illustrated in figure 2. These diagrams account in second-order for the shielding of the external dipole field by the atomic core orbitals. Exact (as contrasted to second-order) RPA matrix elements could be obtained by iterating the corresponding core RPA diagrams to all orders in perturbation theory. The exact RPA is used, for example, in [29] to study transitions in alkali-metal atoms.
In figure 3 , the correlation diagrams are shown. These diagrams correct the first-order matrix elements for correlation between the valence electrons. Finally, in figure 4 , we represent the contribution from the 'derivative' term diagrammatically.
Using the standard methods of MBPT laid out, for example, in [30] , all of these secondorder diagrams can be expressed as sums over intermediate single-particle states. Explicit formulae for the contributions from these diagrams, after an angular momentum reduction has been carried out, are given in the appendix.
Uncoupled matrix elements
In 2p3d [1] (L) 0.000 000 0.000 000 0.000 000 −0.003 335 (V ) 0.000 000 0.000 000 0.000 000 0.000 824
(L) 0.000 000 0.000 000 0.000 000 −0.002 417 (V ) 0.000 000 0.000 000 0.000 000 −0.001 745
Breit interaction with factor 10 3 2p3d [1] (L) 0.000 000 0.000 000 −0.031 536 −0.031 536 (V ) 0.000 000 0.000 000 −0.002 369 −0.002 369
(L) 0.000 000 0.000 000 −0.027 722 −0.027 722 (V ) 0.000 000 0.000 000 −0.018 586 −0.018 586 matrix elements, and we tabulate 1000 times B (HF) , B (RPA) , B (corr) , and the sum B (2) . As can be seen from the table, the first-order contributions Z (1) 1 are different in length and velocity forms. One also observes that the total second-order Breit corrections B (2) 1 are smaller than the RPA terms Z (RPA) 1 , and that these RPA corrections are smaller than the correlation corrections Z (corr) 1 Table 2 . Coupled reduced matrix elements Q calculated in length (L) and velocity (V ) forms for Fe 22+ . 
Coupled matrix elements
As mentioned in the introduction, physical two-particle states are linear combinations of uncoupled two-particle states. For the Fe 22+ example discussed above, the transition amplitudes between physical states are linear combinations of the uncoupled transition matrix elements given in table 1. The expansion coefficients and energies are obtained by diagonalizing the first-order effective Hamiltonian which includes both Coulomb and Breit interactions. We be the corresponding eigenvalue. The coupled transition matrix element between the initial eigenstate I with angular momentum J and the final state F with angular momentum J is given by:
(2.1) Here ε vw = ε v + ε w and Z
. Using these formulae together with the uncoupled reduced matrix elements given in , all of which are relatively small. As mentioned previously, these L − V differences arise because we start our calculations using the non-local HF potential. It was shown for He-like ions in [24] that first-and secondorder MBPT matrix elements are gauge-independent for calculations starting from a local potential. The arguments of [24] 
where
3)
We list the individual contributions to this transition for Be-like iron in [27] . (3) ] are different in the two gauges but, for the Coulomb case, they become identical after coupling. Thus for the local Coulomb potential, both first-and second-order matrix elements are identical in L and V forms. We do not obtain exact agreement between L and V forms for calculations starting from the non-local HF. However, as seen in the final row of table 3, the L − V differences are very small for the final coupled matrix element even in the HF case. The largest L − V differences occur for forbidden transitions. They range between 0.1% and 1% for the transitions shown in table 2 and are smaller than the uncertainties in available experimental data.
Negative-energy contributions
Negative-energy state (NES) contributions to the second-order reduced matrix element arise from terms in the sums over states i and n in equations (A3)-(A5) for which ε i < −mc 2 . The NES contributions for non-relativistically allowed transitions were discussed in [24] for Helike ions, where they were found to be most important for velocity-form matrix elements; they do not significantly modify length-form matrix elements. Also, it was shown in [24] that the inclusion of NES is necessary to insure gauge independence. We confirm this conclusion for Be-like ions here. The matrix elements in tables 1-3 include NES contributions. In [31] , it was shown that NES contributions can be comparable to the 'regular' positive-energy contributions for certain non-relativistically forbidden transitions in He-like ions. We observed similar large contributions here for LS-forbidden transitions. Table 5 . Wavelengths λ (Å), transition rates A (s −1 ), oscillator strengths f , and line strengths S (au) for odd-even transitions in Be-like nitrogen and oxygen. a: present result, b: recommended values [27] . [1] in jj coupling. Later, we use the LS designations since they are more conventional. In figures 5 and 6, we present transition probabilities from levels of the odd-parity complex states with J =1 into the two even-parity 2l 1 2l 2 states 2s 2 1 S 0 and 2p 2 1 D 2 , respectively. Transition rates into the 2s2p 1 P 1 level from the even-parity complex with J = 1 are presented in figure 7 and those from the even-parity J = 2 complex are presented in figure 8 .
The 2s2p 1 P 1 -2s3s 1 S 0 transition shown in figure 5 was investigated by Smith et al [32] for ions with Z = 4-26 in 1973. In figure 6 , there is a double cusp in the Z = 35-36 range which can be explained by crossing of the 2p3s 1 P 1 and 2p3d 3 D 1 levels. These two levels are very close in this interval, the energy splitting being less than 1% of the level separation within the complex. We observe in figure 6 that the curve describing the 2p 2 1 D 2 − 2p3s 1 P 1 transition is smooth provided that the label 2p3s 1 P 1 is changed into the label 2p3d 3 D 1 . Other singularities are also found for the A-values of the transitions 2p 2 1 D 2 -2p3s 3 P 1 in figure 6, 2s2p
1 P 1 -2p3p 3 P 1 in figure 7 , and 2s2p 1 P 1 -2s3d 3 D 2 in figure 8 . All of these are LS-forbidden transitions. It is worth noting that the singularities occur when the A-values for a given transition become very small compared with the other A-values within a given complex.
We note that the A-values for LS-forbidden transitions can become dominant for high Z as seen, e.g., in the transitions 2s 2 1 S 0 -2p3s 3 P 1 in figure 5 , 2p 2 1 D 2 -2p3d 3 P 1 in figure 6 , and 2s2p
1 P 1 -2p3p 3 P 1 in figure 7 . This occurs because LS coupling gradually changes to jj coupling as Z increases. For example, the LS-forbidden transition 2s2p 1 P 1 -2p3p 3 P 1 becomes the jj -allowed transition 2s2p 3/2 [1]-2p 3/2 3p 3/2 [1] at high Z. We also note that the [16] . c Fritzsche and Grant [22] . d Eissner and Tully [8] . e Kim et al [21] . g Curtis et al [36] .
Z-dependence of uncoupled matrix elements are smooth functions of Z and singularities occur only after coupling. [21] . c Fritzsche and Grant [22] . d Eissner and Tully [8] . e Froese Fischer et al [17] . g Curtis et al [36] .
In and O 4+ . We find reasonably good agreement (5-50%) between our data and the NIST data for N 3+ and see that the agreement improves for O 4+ , in accordance with the expected accuracy of MBPT calculations. It should be emphasized that the accuracy of our data improves with increasing Z, owing to the better convergence of MBPT for higher values of nuclear charge.
In tables 6 and 7, we compare our f -and A-values for two transitions 2s 2 1 S 0 -2s3p 1 P 1 and 2s 2 1 S 0 -2s3p 3 P 1 with theoretical [4, 8, 16, 17, 21, 22] and experimental [33] [34] [35] [36] data in the range Z = 6-54. There are other decay channels from the levels 2s3p 1 P 1 and 2s3p 3 P 1 besides the one to the ground state; namely, decays to the 2s3s 1 
Conclusion
We have presented a systematic second-order relativistic MBPT study of reduced matrix elements, oscillator strengths, and transition rates for allowed and forbidden 2l-3l electricdipole transitions in Be-like ions with nuclear charges ranging from Z = 6 to 100. The retarded dipole matrix elements include correlation corrections from Coulomb and Breit interactions. Contributions from NESs were also included in the second-order matrix elements. Both length and velocity forms of the matrix elements were evaluated, and small differences, caused by the non-locality of the starting HF potential, were found between the two forms. Secondorder MBPT transition energies were used to evaluate oscillator strengths and transition rates. Our theoretical data for allowed transitions agree with experiment within the experimental uncertainties for the 2s2p 1 P 1 level. We believe that these results will be useful in analysing existing experimental data and planning new experiments. Additionally, the matrix elements from the present calculations provide basic theoretical input for calculations of reduced matrix elements, oscillator strengths, and transition rates in three-electron boron-like ions.
